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ABSTRACT

In this paper, the numerical solutions of linear Volterra fuzzy integral equations of the second kind (VFIEs-2)
have been investigated using modified trapezoidal method. First, this equation was transformed into a system of crisp one
and then applying the modified trapezoidal method on the resulting system to transform it into an algebraic system which

is solved to obtain the solution. Two numerical examples are given to show the efficiency of the method.
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INTRODUCTION

One of the methods for solving definite integrals is modified trapezoid method, which is obtained by using
Hermitian interpolation [1]. Topics of fuzzy integral equations (FIES) which growing interest for some time, in particular
in relation to fuzzy control, have been rapidly developed in recent years. The concept of integration of fuzzy functions was
first introduced by Dubois and Prade [2] and investigated by Goestschel and Voxman [3], Kaleva [4], Nanda [5] and
others. One of the first applications of fuzzy integration was given by Wu and Ma [6] who investigated the Fredholm fuzzy
integral equations of the second kind (FFIEs-2). In 1972, Chang and Zadeh [7] first introduced the concept of fuzzy

derivative, followed up ten years later by Dubois and Prade [8], who used the extension principle in their approach.

PRELIMINARIES
Definition 2.1 [4]: A fuzzy number is a fuzzy set v:R* — I = [0,1] which satisfies:

e T is upper semi continuous,
e v(x) = 0 outside some interval [c, d],
e There are real numbers @, b : ¢ = a = b = d for which
e v(x) is monotonic increasing on [¢, al;
e v(x) is monotonic decreasing on [, d];
e vix)=1 a=x=bh
The set of all such fuzzy numbers is denoted by E*.

Definition 2.2 [4]

Let ¥ be a fuzzy set on H. V' is called a fuzzy interval if:
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e T isnormal: there exists x g € R such that V{xg) = 1;
e Visconvex: forallx,t €R,0=2 =1, itholds that V{Ax + (1 — A )t) = min {V{x),V(£)};

o V7 is upper semi-continuous: for any x5 € R, it holds that V' (xg) = lim,, .+ V{x);

e [V]°=CL{xER:V(x) > 0}isacompact subset of K.
The & — cut of a fuzzy interval ¥, with 0 << & = 1 is the crisp set
[VIe={xeR:V(x) = a} 1)
For a fuzzy interval V, its & — cuts are closed intervals in R. Let denote them by
V1= = [V(a), V()] (2)

An alternative definition or parametric form of a fuzzy number which yields the same E? is given by Kaleva [4]

as follows:

Definition 2.3: An arbitrary fuzzy number ¥ in the parametric form is represented by an ordered pair of functions

(w(e), v(a)) which satisfy the following requirements:
° E(a} is a bounded left-continuous non-decreasing function over [0,1];
o v{a) is a bounded left-continuous non-increasing function over [0,1];
o vig)=v(a), 0=a=1

For arbitrary fuzzy numbers v = (via), #(a)), w = (wla), wla)) and real number k, one may define the

addition and the scalar multiplication of fuzzy numbers by using the extension principle as follows:

e (a)v =wifandonly if v(a) = wla) and v(a) = wla);
e Ov+w=(rla)+wla),via) +wla));

(ky(a}, kﬁ(rx}), k=0
o (Qkv=4; _
(kv(al kg(a}), k=<0
Definition 2.4 [3]: For arbitrary fuzzy numbers v = (v{a), »(a)) and w = (w{a), wla)) the quantity
D(v, w) = Supgegeq imax[|v(a) — wia)|, |[v(a) — w(a)|]} 3)
is the distance between ¥ and W, It is shown [9] that (E*, D) is a complete metric space.

Definition 2.5 [10]: A function f: R* — E* is called a fuzzy function. A function f is said to be continuous if for

arbitrary fixed t; € Rtande = 0,ad > 0 exists such that

if |t —tg] < & then D[f(t), Flt,)] < € 4)
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for each t € R1.

Definition 2.6 [11]: Let f: {a, b) — E* be a fuzzy function and tg € (@, & ). One can say that f is differentiable at £y if

two forms were sustained as follows:

e Itexists an element f'(t, ) € E1 such that, for all & = 0 sufficiently near to 0, there are f{ty + h) — f (t5 ),
Flty ) — F(ty— h ) and the limits:

flto+ W= ito)
h

lirn, g+ = limpg+ LEIL O = £ ) (5)

e Itexists an element f'(t, ) € E1 such that, for all & < 0 sufficiently near to 0, there are f{ty + h) — f (t5 ),

Fltyg ) —f(ty— h) and the limits:
limh_;.[:.—fl:rn+ i‘;il—f[tnj — limh—:vl} futnﬁ—fntn—i"‘u f{t } (6)

Theorem 2.1 [12]: Let f: (a, b) — E* be a fuzzy function and denote
[FE)]® = [}_C(xj a), f(x, &)] for each & € [0,1] and x € (0,1).
Then

e If f is differentiable in the first form 1, then f(x, &) and F(x, o) are differentiable functions and

[F'(£)]= = [ f_ (x, a}l)_".(xj nx}] @)

e If f is differentiable in the second form 2, then f(x, &) and F(x, o) are differentiable functions and

@1 = [F Goa), £ (s, 0] @

Definition 2.7: Let f: (@, b) — E* be a fuzzy function and t3 € (&, b ). f is strongly generalized differentiable at tg, if

there exists an element f'(t,) € E', such that
o for all k= O sufficiently small, there are f(tg + h) —F (tg), f(ts) — f (ts—h) and the limits (in the
metric D)
Eimh—mw = Eimh—mw = flto) 9)
Or;
o forall k = O sufficiently small, there are f (£5 ) — f(tg + h), f (to— h) — F(ty ) and the limits

Flegl—fltg+ R

Sttt _ gy, LGP o) _ Gz ) (10)

limpg i

e forall h> 0 sufficiently small, there are ity + h) —f (25 ), f(tg ) — f (tg — k) and the limits

limyy o LEt RFC0) — i, FEoRIfCo)  f(p ) (1)
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Or;

e forall h = O sufficiently small, there are f( £y ) — fty + h), f(tg ) — f (ty — k) and the limits

= limy o TEI L0 = £(, ) (12)

. (tpl—fltp+ M)
llmh—:vl}%

(hand (—h) at denominators means +® and —3®, respectively).

In this research , the following notations will be used:
J]_:;(ﬂ} = j:(_'x.'ijrle, E("x} = }_C(XEJ"-I} }i(tx} = fl{xiia} Ef(ﬂ} = }f(xiia}y Hz'_;l' = H(x:-,x}-},
11-I'z'_;l' = L(xiix_;l'}a JFz'_:l' = j(xiix_;l'}v Ei(a} = E(XE,I'I}, ﬂi(a} = ﬁ(xi,ﬂ} Eii(a} = Ei(xii "-I}a

u' () =u (x;,a)
where ; Lix, t) = %H(xj t) and J(x,t) = % K(x,t)

NUMERICAL SOLUTIONS OF LINEAR VOLTERRA FUZZY INTEGRAL EQUATIONS OF THE
SECOND KIND

Consider the linear Volterra fuzzy integral equation of the second kind

ulx) = flx) + [ K(x, t) ult) dt (13)

where f(x} is a given continuous fuzzy function on [a, b], K(x,t) is a given continuous kernel over the square

A={{xt):a =t = x = b }and u(x) is unknown fuzzy function to be determined, the kernel K{x,t) = 0 for t = x.

Substitution x;,0 = i = nin equation (13) gives

ulx) = flx) + [ K, ) ult) dt (14)

To solve equation (13) an approximation of the integral in the right hand side of equation (14) was carried out

using modified trapezoidal method to obtain;

ulxg) = ula) = fla) (15)

u(xi') = f(xi) + E K[}.[}.H(XEJ + hE;;i Hi}'u(x}'} + % Kfiu(xi':l + T—:[Lmu(xg} + Hm’l.{'l(xu.} — Liiu(xi:l +
I

Ky (x;)] (16)

forl=i=n h= h—;" By using & — cuts form of fuzzy functions considering three cases, in all cases

supposing that K;; = 0for l=j =k K ;=0fork+l=j=i=nandl;=0for0=j=i=n, [; =0for

E_;l—

l=j=kand]; =0fork+1=j=i=n,

Case 1

If g and 1i; are differentiable in the first form 1 leading to;

[uo (@), 5o (@)] = [fo(@), 7y ()]
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[t:(2), ()] = [ (@), Fo(@)] + 2o, To (@] + ) Koy ey (@), Ty ()] +
=1

TiThes K [(a),y (tﬂ]+ Kol (), u; ()] + 2[ Lio[uo (@), Uy (@)] + Ko 1y (@), wp ()] -
Ly [’”:'(ﬂl U; (H}] +K :‘:‘[u:' (a), u; (ﬂ:']]

Then obtaining the;

ug(a) = fola)

w;(a) = ﬁ(a}+"'f(’muﬁ(a}+h2f 1K:}_J(a}+h23 Hiffuu}(a}-l- K, u(a]+ [ Ligugla) +
:[!l Hn(a} in 'L{ (LI} + H:zu (I‘I}]

Up(a) = fyla)
u;(e) = f (a) + hf(:.}ﬁﬁ(a} + hE} 1Kiua) + hE} e Kipu () + - Kuu () + [L:.}u.}(a} +
Ky uﬂ(a} Liu(a)+ Kz u E(a}]

Case 2

If ug and 1L; are differentiable in the second form 2, leading to;

[uo (@), To(@)] = | fo(@), Fy (@]
k
[1:(2), ()] = [ (@), Fo(@)] + 2o (), To (@] + 1 ) Ko [ty (), Ty ()]
P

+h _;l k+1 i_;l' [ﬁ}-(al H_J(ﬂ}] + g K:’i[ﬁi (J}, U; (a}] + :_: [LEI}[EE("I}J EH(J}] + Kfﬁ[ﬂfﬁ(a}’ EE(J}] -
Ly [’“z‘ (), u; (ﬂ}] + Kj; M (@), ﬂ; (tﬂ]]
Then obtaining the;
ug(a) = fola)
u;la) = E(a} + %ngu(nx} + thZIHU-u_J-(a} + th-;}HlHUu}(a} + h’ 1 (a) + [ solgle) +

Hmﬁ:}(ﬂf} — Lu;(a) + Ku (ﬂ}]

Ug(er) = fo(@)
() = 7, (@) + EKioTlo (@) + h Biey Ky () + Bk ey Koy () + 2K (@) +2 [ Liolip(a) +
EEHD(Q} Lzsz(a} + Kizuz(a}]

Case 3

If g is differentiable in the first form 1 and u; is differentiable in the second form 2 leading to;

[uo (@), 5o (@)] = [fo(@), 7y ()]
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(22)
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[u; (e), % (2)] = [fz(a} f; (a}] + 2K o[uo (@), ()] + hz Ky [u;(e),u(a)] + h Z K;; [1;(e),u;(a)]

JSk+1

+2 K[t (@) us(@)] + { o [10(@), o (@)] + Ko [ (00, (@)] — Lis [ (), ()] + K eebi(a},ﬁ:(ﬂf}” (23)
Then obtaining the;

up(a) = fola)

U; (f-x} fz("-x} + P'HEDMD(Q} + hE} 1Hz_;l _J(lx} + hE; k+1Hz_;l u_;l("-x} + Eﬁiiﬁi(a} + :_:[Liﬂgﬂ(ﬂ} +
zl}Hl}(ﬂr} Lzzu (':I} + HEEE: ("-I}]

(24)
Ug(er) = fo(@)
u;(a) = f (a) + ?'Hiﬂuﬁ(nx} + hE} 1 Kiju;(a) + hE; e Kiu;(a) +- f{“u (a) + [ Ligtiplea) +
Kot () — Liju; () + K:‘iui(ﬂ}] 25)
Differentiating equation (13) with respect to X to get;
u'(x) = £1() + K, 0)ulx) + [ ]G, Hulat (26)
Substitute x;, 0 = i = n in equation (26) to obtain;
u'(xg) = f'(xp) + Kgpulxg) (27)
u'(x) = £ () + Kgulx) + [0 ] (x, Hult)dt 8)
for 1 =i = n was consider to solve equation (28) by using repeated trapezoidal method to get;
u'(x;) = F'(x) + Kyulx) + Efmu(xu} + th-;ilff}-u(xj} + Ejiiu(x:'} (29)
Now, by using & — cuts form of fuzzy functions .the following three cases:
Case 1
If u; and f; are differentiable in the first form 1,the following leads to;
[w'o(@),@'o(@)] = [£'o(@), F'o(@)] + Koo[uo (@), To(a)] (30)
[w',(2), 2 (@)] = [ £/(a), F'e(@)]| + Koy (@), s (@] + 2o [wo(@), ()] + R By s [ (@), T ()] +
Rk o) [15(@), u; ()] + 27 (@), ()] an

Then obtaining the;

w'ola) = f' (@) + Koouo(a)
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R, —
E“i(a} + szu ("-I} + fz[!luﬁ(tx} + hE;{ 1.|Fz_;l __;l("-x} + hE; k+1JFz_;l 1-[_:, (l'-x} + :jiiuz‘(fx}

Uola) = fole) + Koolip(ar)

i—-1

7@ = Fi(@) + Kusla) + = j:ﬁuﬁ(a}+thuu}(a}+h Z Joyu ()

iTk+1

h
+EJFEEEE{Q}

Case 2

If u; and f; are differentiable in the second form 2, the following leads to:

['0(@), u'o ()] = [F'o(@), £0(@)] + Koo [uo(@), T (@)]

[i's(a), ()] = [J_”’a(al }_i-'(a}] + K[t (), 0 ()] + 2 o [0 (0, o ()] + R EE ] [u; (), 7y ()] +
hz_ij;}c+1j ij [ﬁ}-(a}, u_j(ﬂ-'}] + ;f i [ﬁi (), u; II:‘1'3']
Then obtaining the;

Wola) = f'o + Kootto(a)

u' ("I] }ﬂ (a}"'f{uu ("x}+ }zl}ul}(a‘}_"thz}_}(a}-l_h Z ji}u}(a}

jEe
+§jiiﬁi(a}

u'o(a) = f'ola) + Kooito (@)

u'(a) = +H“u (a) +2 jmuﬂ.(a}+h2} Jiu(e) + BT T u(a) + - j”u ()

Case 3: If u is differentiable in the first form 1 and f is differentiable in the second form 2, this yields;

[w'o(@), 7'o(e)] = [F'o(@), £0(@)] + Koo [uo(@), T (@)]
[ (), ()] = [}_”e (a), f; ’(a}] + K[t (0, 1 ()] + 2o [0 (@), o ()] + R 2 )5 [ (@), 55 ()] +
th';:JL{+L'F ij [ﬁ}-(a}, u_j(ﬂ-'}] + ;f it [ (@), 1, ()]

Also obtaining the;

u'o(e) = fole) + Kogtig(er)

u' (@) = Fola) + Koia) + ;muﬁ(a}mZ;M(Q}M Z Jes (@)

jok+1

+ 2 JFEEHE{Q}
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(36)

@37)

(38)

(39)

(40)
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u'yla) = Eu(ﬁf} + Kgotiola)
u'i(a) = }_:-“:E} + Kyu(a) + Sfmﬁﬁ(tﬂ +hE Ju(a) + R T uy(e) + fz:u (a) (41)

From systems (18) and (32) the following system was obtained,;

—fola) = —upla) )
—fi (o) = EH;‘[&ED":Q'} + hE_szlf{z'_;fu_j(ﬂ'} + hE_i,-;}Hle'jﬂj(ﬂ'} + g Kyu (o)
+ :j [ s0 Ugla) + Ky up(a) — Ly u;(a) + REEE;(Q}] —u;(a) b (42)

—f'ola) = Koougla) —u'g(a)
—}_"ir(ﬂ’} = K;u{a) + gfmﬁﬁ(ﬂ} + hE_J;:L-Fij u;la) + th,-;:lHﬂij u;(a) + Efz‘z‘ﬁe":ﬂ'} —u'i{a))

and from systems (19) and (33) the following system was obtained ;
—fola) = —uglea)
_FE(J} = E EDED(Q} + hEk— :_;l _J(ﬂ} + hz; k+1HE_J__J(a} + = szu (g}
"‘:_| [ i uﬁ(ﬂf} =+ HED HD(Q} LEEEE(Q} =+ HHEE(Q}] _ui(ﬂ'} \ (43}

_}_"’ﬁ(g} = —EFD(J} + Hﬂu}ﬁl}(a}
“F (o) = Koous () +§fmﬁu'|:fﬂ+ AE* Ju(e) + hEk, Ju(e) +2 L:u (a) —u'i(a))

The systems (42) and (43) are of 2(n + 1) equations with 2{n + 1) unknowns. Collecting these two systems

together leads the following system of 4(n + 1) equations with 4(r + 1)) unknowns:

—fola) = —ugla) )
—fz":ﬂ} _ —Hmu{,(ﬂ} + hE} 1Kijuja) + REZ e Kiu(e) + - Hu‘u (o)
E [Lsu ug(a) + Kip uh(a) — Ly; U (e + Ky ()] — (a}
_fu":ﬂ'::' = Kooug(a) — u'ola)

—fi'(e) = Kyule) + ;fz'u&c-(nﬂ +hEL Jyule) + h B T (e) + ;jifﬁ" (@) —u's(a)
P4
—}_"D(Gr} = —Hu(ﬂ}

_f (Q} == io 'Hl}{ﬂ'} + -PlE_;l 1Hg_;|'1,-[_;|(ﬂ'} + hE_:' i'c+1'F{,i'_i".l"[—.i"(Igrjl + E KEEEE(Q}
+?1t_: [ o Ugler) + Ky uu‘:ﬂ} — L u (e) + Ky E; (a}] —ui{a)

—}_""D(g} = —EFQ(Q} + HGDEG(Q}

—}_':"E-(Q} _ H:‘:‘Ez’ (ﬂ} + g}il}ﬁﬁ{ﬂ} + hE_J;:l_fE-}- ﬁj(ﬂ‘} + th—;}{_plj:‘j u_}(ﬂ} + EJEEEE (ﬂ} - ﬂ"g(ﬂf}z

EFFICIENCY OF THE METHOD

In this section, two numerical examples were selected to reveal the efficiency of this technique. Let

D;, 0 =1 = n denotes the error between exact and approximate solutions at x; obtained by using the distance defined by
relation (3).
Example 4.1

Consider the linear Volterra fuzzy integral equation (13) with
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3 4 3 1 9 7 1 1

flx,e) = ax —x*[ax® — %% —cax® + 2% + Sa — ]
= _ arl 3 1 2 1 1
flx,a) =C—-a)x—x [Etxx —ax +F|‘.I—F]
and the kernel
Klx,t) =x*(1-2t), 0=t=x 0=x=1

1 1 2
where‘n=3,h=g,x5=ﬂj X1=7, X =3, x3=1.

The exact solution in this case is given by
ulx, a) = ax

ulx,a) =(2—a)x

From system (44) the following 16 x 16 algebraic system was obtained;

5 G-

where
ro—1 0 0 0 0 0 0 0 7
0.0185 —-0.9856 0 0 0.001 00003 0 0
0.0741 0.0494 -0.9918 0 0.0041 0 0 0
4= 01667 0.1111 0 —0.9913 0.0093 0 0 0
0 0 0 0 -1 0 0 (I
01111 0.0740 0 0 0 -1 0 0
02222 0.1481 0 0 0 0 -1 0
L0.3333 0.2222 0 0 0 0 o -1
i Q 0 0 0 0 0 0 0 7
—0.0021 0 0 0 0 0 0 0
—0.0082 0 —0.0247 0 0 0 —0.0014 0
B = —0.0185 0 —0.1111 —-01867 O 0O 0 0.0093
Q 0 0 0 0 0 0 0
Q 0 0 0 0 0 0 0
Q 0 —0.2222 0 0 0 0 0
- Q 0 —0.2222 —1.3333 0 0 0 0 -
and

U = [ulxq,@), uCey, &), uls,a),ules @), 1y, a), iy, @), i(e,,a), i, a)]

E = [E(XDJ Q}J E{le Q}J E(XZJ Q}J E{XHJ Q}J ﬁ(xl]u Q}J ﬁ(le ﬂ}.l ﬁ(xb Q}J ﬁ(_:X‘-Ii.l a}]rj

- - . . T
F = [—f(x[h @), —f (g, @), —f (2, @), = f (x3, @), = f (ko @), =f Cey, @), —f (x 2,00, _}_E(x:i:a}] :
T

F = [~Fleo,), ~F ey, ), ez, @), ~F a3, @), 7 (o, @), ~F ey, @), —F Gx2,), —F (x5,
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When solving the above system, the solution for different values of @ was obtained and the errors

12
D;,i= G’E’E » 1 as shown in table (1).

Table 1: The Numerical Results and Error of Example (4.1)

U-Values o =0 =01 o= 02 o = 0.3 o =0a | g =05 g=ge | a=07F [ g =08 | a=08 =1

u(xg a) 0 0 0 0 0 0 0 0 0 0 0

u(xqy,@) | 0.0024 | 0.0358 | 0.0692 | 0.1025 | 0.1359 | 0.1693 | 0.2026 | 0.2360 | 0.2694 | 0.3027 | 0.3361
u(xa,@) | -0.0211 | 0.0474 | 0.1160 | 0.1845 | 0.2530 | 0.3215 | 0.3900 | 0.4585 | 0.5271 | 0.5956 | 0.6641
u{xg @) | -0.0537 | 0.0508 | 0.1553 | 0.2598 | 0.3643 | 0.4688 | 0.5732 | 0.6777 | 0.7822 | 0.8867 | 0.9912
U(xp o) 0 0.1000 | 0.2000 | 0.3000 | 0.4000 | 0.5000 | 0.6000 | 0.7000 | 0.8000 | 0.9000 | 1.0000
t(xqy,e) | -0.0101 | 0.0901 | 0.1903 | 0.2905 | 0.3907 | 0.4909 | 0.5911 | 0.6913 | 0.7915 | 0.8917 | 0.9919
Uu(xg @) | -0.0566 | 0.0458 | 0.1483 | 0.2508 | 0.3532 | 0.4557 | 0.5582 | 0.6606 | 0.7631 | 0.8656 | 0.9681
U(xg, @) | -0.1805 | -0.0686 | 0.0434 | 0.1553 | 0.2673 | 0.3792 | 0.4912 | 0.6031 | 0.7151 | 0.8270 | 0.9389
u(xq a) 0 0 0 0 0 0 0 0 0 0 0

ulxy,e) | 0.6697 | 0.6364 | 0.6030 | 0.5696 | 0.5363 | 0.5029 | 0.4695 | 0.4362 | 0.4028 | 0.3694 | 0.3361
u(xya) | 1.3492 | 1.2807 | 1.2122 | 1.1437 | 1.0752 | 1.0067 | 0.9381 | 0.8696 | 0.8011 | 0.7326 | 0.6641
u(xg ) | 2.0360 | 1.9315 | 1.8270 | 1.7225 | 1.6181 | 1.5136 | 1.4091 | 1.3046 | 1.2001 | 1.0956 | 0.9912
u{xg ) | 2.0000 | 1.9000 | 1.8000 | 1.7000 | 1.6000 | 1.5000 | 1.4000 | 1.3000 | 1.2000 | 1.1000 | 1.0000
u(xqy,a) | 1.9940 | 1.8938 | 1.7936 | 1.6934 | 1.5932 | 1.4930 | 1.3928 | 1.2926 | 1.1924 | 1.0922 | 0.9919
u(xya) | 1.9928 | 1.8903 | 1.7878 | 1.6853 | 1.5829 | 1.4804 | 1.3779 | 1.2755 | 1.1730 | 1.0705 | 0.9681
U(xg, ) | 2.0584 | 1.9464 | 1.8345 | 1.7225 | 1.6106 | 1.4987 | 1.3867 | 1.2748 | 1.1628 | 1.0509 | 0.9389

x; 0 :

1

a
Wil b

D, ] 0.0025 | 0.00Z26 | 0.0083

Example 4.2: Consider the linear Volterra fuzzy integral equation (13) with

1 . 1 .
flx,a) = ﬁsin(xﬁ} [16+22a + 26a? — 4ad] + ﬁsin‘(xfz} [-12 + 3 + 3a?]

+ %sin(xfﬂsmﬁxfﬂ [4—a—a?]

_ 1 ) 1 .
flx,a) = ﬁsin(xﬁ} [104 + 220 + 4a? — 26a3] + ﬁsm‘(xfﬂ [—3a — 3a?]

+ % sin(x/2) sin(3x/2) [a + &?]

and the kernel
K(x,t) =01sin(t)sin{x/2), 0=t=x, 0=x=2m

4
P X = xg = 2w,

Ba
w |
|5

2
Where’n=3,h=?,xg.=ﬂj X =

The exact solution in this case is given by:

ulx, ) = (@ + a?) sin (x/2)

ulx,a) =(4—a—a?®)sin (x/2)
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From system (44) the following 16 x 16 algebraic system was obtained;

5 A6

Where;

r —1 0 0 0o 0 0 0 01
0.0317 —0.9057 0 0 0 00274 0 O
0.0317 01571 —09342 0 0 0 0o 0

A= 0 0 0 -1 0 0 0 0
0 0 0 0o —1 0 0o 0

0 0.0750 0 0 0 -1 0 o

0 0 0 0o 0 0 -1 0

L0 0 0 0o 0 0 0o —1-

rid 0 0 0O 0 0 0 07

0 0 0 0O 0 0 0 0

0 0 —007385 0 0 O —0.0274 0

B — 0 0 0 0O 0 0 0 0
0 0 0 0O 0 0 0 0

0O 00227 0 0O 0O 0 0 0

0 —0.0453 —0.0523 0 O 0 0 0

L0 —0.0907 00907 O O O 0 04

and U, U , F, F are described in the previous example.

. . ) In & .
The solution of the above system for various values of & and the errors D; , i = GJ?TJ ?T 21 are shown in
table (2).

Table 2: The Numerical Results of Example (4.2) with its Errors

U- e=0 |e=02 o=04 o = 0.6 =08 | o=1
Values
u(xp.a) 0 0 0 0 0 0
u(x,e) | 01750 | 0.3668 | 0.6235 0.9430 1.3231 | 1.7619
u((xz.e) | -0.0700 | 0.1493 | 0.4413 0.8068 1.2468 | 1.7620
u(x;.a) 0 0 0 0 0 0
f(xp.e) | 0.2667 | 0.3568 | 0.4784 0.6283 0.8032 | 1.0000
(xy.e) | -0.1239 | -0.0502 | 0.0475 0.1706 0.3206 | 0.4989
t(xy@) | -0.1266 | -0.1723 | -0.2338 -0.3098 -0.3986 | -0.4988
t(xy.a) | -0.2444 | -0.3370 | -0.4618 -0.6159 -0.7962 | -1.0000
u(xp @) 0 0 0 0 0 0
U(x.a) | 3.3487 | 3.1851 | 2.9848 2.7076 2.3134 | 1.7619
U(xy.a) | 35941 | 3.4030 | 3.1673 2.8441 2.3900 | 1.7620
U(xs. @) 0 0 0 0 0 0
U(xp.a) | 1.7333 | 1.6592 | 1.5696 1.4437 1.2608 | 1.0000
u(x,a) | 11218 | 1.0560 | 0.9743 0.8632 0.7092 | 0.4989
u(xp.a) | -0.8709 | -0.8332 | -0.7876 -0.7236 -0.6308 | -0.4988
U(xp.a) | -1.7556 | -1.6789 | -1.5861 -1.4561 -1.2677 | -1.0000

x; a E—Tr E an

3 3
D; 0 0.0298 | 0.0300 | 2.4493 x 10-1€
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CONCLUSIONS

In this paper, the modified trapezoidal method was presented to solve linear Volterra fuzzy integral equations of

the second kind. The efficiency and simplicity of this method are illustrated by introducing two numerical examples with

known exact solutions. All calculations in this paper have been achieved using MATLAB software.
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